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Remark on a Simple Proof of the Mean Value of K2(O) in
Function Fields
J. MacMillan
ABSTRACT: Let Fq denote a finite field of odd cardinality q, A = Fq[T ] the polynomial ring over
Fq and k = Fq(T ) the rational function field over Fq. In this paper, we compute the average value
of the size of the group K2(OγD), where OγD denotes the integral closure of A in k(√γD), D is a
monic, square-free polynomial of even degree and γ is a fixed generator of F∗q .
1 Introduction
Let k = Fq(T ) denote the rational function field over a finite field Fq and let A = Fq[T ] denote the
polynomial ring of the finite field Fq, where q is assumed to be odd and greater than 3. For f ∈ A,
the norm of f , ∣f ∣ is defined to be qdeg(f) if f is non-zero and 0 otherwise. For R(s) > 1, the zeta
function associated with A is defined by
ζA(s) ∶= ∑
f∈A+
1
∣f ∣s =∏P (1 − ∣P ∣
−s)−1, (1.1)
where the letter P denotes a monic, irreducible polynomial in A, A+ denotes the set of all monic
polynomials in A and A+n denotes the set of monic polynomials of degree n in A. Since #A
+
n = q
n,
then ζA(s) = (1 − q1−s)−1. For D ∈ A square-free, the quadratic Dirichlet character χD(f) is equal
to the Kronecker symbol (D
f
). Therefore we can define the Dirichlet L-function corresponding to
the Dirichlet character χD as
L(s,χD) ∶= ∑
f∈A+
χD(f)∣f ∣s . (1.2)
We define OD to be the integral closure of A in the quadratic function field KD = k(√D). The
zeta function of the ring OD is defined as
ζOD(s) =∑
a
Na−s, (1.3)
where a runs through all non-zero ideals of A[√D] and Na denotes the norm of a. From [5],
Proposition 17.7, we have the relation
ζOD(s) = ζA(s)L(s,χD). (1.4)
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Let F = Fq and let K/F be a function field in one variable defined over the finite constant field Fq.
The primes in K are denoted by v and Ov is the valuation ring at v. Let Pv denote the maximal
ideal of Ov and F¯v by the residue class of v. The tame symbol (∗,∗)v is a mapping from K∗ ×K∗
to F¯v which is defined as
(a, b)v = (−1)v(a)v(b) av(b)
bv(a)
mod Pv. (1.5)
Let a ∈K∗ be such that a ≠ 0,1. The group K2(K) is defined to be K∗⊗K∗ modulo the subgroup
generated by the elements a⊗(1− a). Moore, (see [6]), proved that the following sequence is exact
(0)→ ker(λ)→K2(K) λÐ→⊕
v
F¯ ∗v
µ
Ð→ F ∗ → (0), (1.6)
where λ ∶ K2(K) → ⊕v F¯ ∗v is the sum of the tame symbol maps and µ ∶ ⊕v F¯ ∗v → F ∗ is the map
given by µ(. . . , av , . . . ) = ∏v amv/mv where mv = NPv − 1 and m = ∣F ∗∣ = q − 1. In [6], Tate gave a
proof of the Birch-Tate conjecture concerning the size of ker(λ). He proved that
∣ker(λ)∣ = (q − 1)(q2 − 1)ζK(−1) (1.7)
where ζK(s) =∏v(1 −NP−sv )−1, the product being over all primes v over the function field K.
For m ∈ A,m square-free, Rosen, [4], was was able to relate the number L(2, χm) to the size of the
group K2(Om) using the notation above.
Proposition 1.1. Let Km = k(√m), where m is a square-free polynomial of degree M in A . Then
a) If M is odd then
K2(Om) = q 3M2 q− 32L(2, χm). (1.8)
b) If M is even and the and the leading coefficient of m is not a square, then
K2(Om) = q 3M2 (q + 1)q−1(q2 + 1)−1L(2, χm). (1.9)
Using the Proposition, Rosen proved the following result.
Theorem 1.2. Let m be a square-free polynomial of degree M in A and ǫ > 0. Then
a) for M odd, we have
(q − 1)−1(qM − qM−1)−1 ∑
m∈A
msquare-free
∣K2(Om)∣ = ζA(2)ζA(4)c(2)q 3M2 q− 32 +O(qM(1+ǫ)). (1.10)
b) for M even and the leading coefficient of m is not a square, then
2(q−1)−1(qM −qM−1) ∑
m∈A
m square-free
∣K2(Om)∣ = q 3M2 ζA(2)ζA(4)(q+1)q−1(q2+1)−1c(2)+O(qM(1+ǫ)),
(1.11)
where
c(2) =∏
P
(1 − ∣P ∣−2 − ∣P ∣−5 + ∣P ∣−6)
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Let Hn denote the set of all monic, square-free polynomials of degree n in A. In [1], Andrade
computed the size of the group K2(OD) for D ∈H2g+1. In particular he proved the following.
Theorem 1.3. Let D ∈H2g+1 and ǫ > 0. Then
1
#H2g+1 ∑D∈H2g+1#K2(OD) = q
3
2
(2g+1)q−
3
2 ζA(4)P (4) +O(q(2g+1)(1+ǫ)), (1.12)
where
P (s) =∏
P
(1 − 1∣P ∣s(∣P ∣ + 1)) . (1.13)
Using the methods used by Andrade, the aim of this paper is to calculate the size of the group
K2(OγD) for D ∈H2g+2 and γ a fixed generator of F∗q , which is the following Theorem.
Theorem 1.4. Let D ∈H2g+2, γ a fixed generator of F∗q and ǫ > 0. Then
1
#H2g+2 ∑D∈H2g+2#K2(OγD) = q
3
2
(2g+1) ζA(2)ζA(4)P (4)
ζA(5) +O(q
(2g+2)(1+ǫ)), (1.14)
where P (s) is given by equation (1.13).
2 Preliminaries
Before stating results necessary to prove Theorem 1.4, we state some facts about the quadratic
Dirichlet L-function L(s,χD), where D ∈ A,D square-free. From [5], Proposition 4.3, we have that
L(s,χD) is a polynomial in q−s of degree at most deg(D)− 1. Using the change of variable u = q−s,
we have
L(u,χD) =
deg(D)−1∑
n=0
σn(D)un (2.1)
where σn(D) = ∑f∈A+n χD(f). Fix a generator γ of F∗q and write D¯ = γD for any D ∈ H2g+2. We
have
σn(D¯) = (−1)nσn(D). (2.2)
For D ∈ H2g+2, L(u,χD¯) has a trivial zero at u = −1. Therefore we can define the complete
L-function, L∗(u,χD¯), as
L∗(u,χD¯) = (1 + u)−1L(u,χD¯), (2.3)
which is a polynomial of degree 2g.
Lemma 2.1. Let χγD be a quadratic character, γ a fixed generator of F
∗
q and D ∈H2g+2. Then
L(q−2, χD¯) = ∑
f∈A+
≤2g
(−1)deg(f)χD(f)∣f ∣2 + q−4g−2 ∑f∈A+
≤2g
χD(f) (2.4)
Proof. Write
L∗(u,χD¯) =
2g
∑
n=0
σ∗n(D¯)un. (2.5)
Using (2.3), we have
σ∗n(D¯) =
n
∑
i=0
(−1)n−iσi(D¯). (2.6)
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Therefore, using (2.2), (2.5) and (2.6) we have
L∗(q−2, χD¯) =
2g
∑
n=0
σ∗(D¯)q−2n = 2g∑
n=0
n
∑
i=0
(−1)nσi(D)q−2n.
The result follows. ∎
Following the same arguments as presented in [2], section 4, we have
∑
D∈H2g+2
L(2, χD¯) = ∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
(−1)deg(f)χD(f)∣f ∣2 + ∑D∈H2g+2 ∑f∈A+
≤2g
f≠◻
(−1)deg(f)χD(f)∣f ∣2
+ q−2−4g ∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
χD(f) + q−2−4g ∑
D∈H2g+2
∑
f∈A+
≤2g
f≠◻
χD(f). (2.7)
Lemma 2.2. We have
∑
D∈H2g+2
(D,l)=1
1 =
∣D∣
ζA(2)∏P ∣l
∣P ∣
∣P ∣ + 1 +O (∣D∣
1
2 ∣l∣ǫ) .
Proof. See [2], Proposition 5.2. ∎
Lemma 2.3. We have
∑
l∈A+m
∏
P ∣l
∣P ∣
∣P ∣ + 1 = qm ∑d∈A+
≤m
µ(d)
∣d∣ ∏
P ∣d
1
∣P ∣ + 1 .
Proof. See [2], Lemma 5.7. ∎
Lemma 2.4. We have
1.
∑
d∈A+
≤g
µ(d)∏
P ∣d
1
∣P ∣ + 1 ≤ g + 1.
2. For s = 1 or 4, we have
∑
d∈A+
≤g
µ(d)
∣d∣s ∏P ∣d
1
∣P ∣ + 1 = P (s) +O(q−sg).
Proof. See [3], Lemma 3.5 and Lemma 3.3. ∎
Lemma 2.5. If f ∈ A is not a perfect square then
∑
D∈H2g+2
f≠◻
(D
f
)≪ ∣D∣ 12 ∣f ∣ 14 . (2.8)
Proof. See [1], Lemma 4.3. ∎
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3 Proof of Main Theorem
From Lemma 2.5, we can show that the terms corresponding to the contribution of non-square f
in 2.7 are bounded by qg and q−
g
2 respectively. Therefore, it remains to calculate the contribution
of the square polynomials f in (2.7), which are calculated using the following results.
Proposition 3.1. We have
∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
(−1)deg(f)χD(f)∣f ∣2 =
∣D∣
ζA(2)ζA(4)P (4) +O(q
g(1+ǫ)). (3.1)
Proof. Using Lemma 2.2 we have
∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
(−1)deg(f)χD(f)∣f ∣2 =
∣D∣
ζA(2)
g
∑
m=0
q−4m ∑
l∈A+m
∏
P ∣l
∣P ∣
∣P ∣ + 1 +O (∣D∣
1
2
2g
∑
n=0
qnǫ−n) .
Invoking Lemma 2.3, we have
∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
(−1)deg(f)χD(f)∣f ∣2 =
∣D∣
ζA(2) ∑d∈A+
≤g
µ(d)
∣d∣ ∏P ∣d
1
∣P ∣ + 1 ∑
deg(d)≤m≤g
q−3m +O (q−g q2gǫ+ǫ − q2g+1
qǫ − q ) .
Thus we get
∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
(−1)deg(f)χD(f)∣f ∣2 =
∣D∣
ζA(2)ζA(4) ∑d∈A+
≤g
µ(d)
∣d∣4 ∏P ∣d
1
∣P ∣ + 1
− q2−g
ζA(2)(q3 − 1) ∑d∈A+
≤g
µ(d)
∣d∣ ∏P ∣d
1
∣P ∣ + 1 +O(qg(1+ǫ)).
Using Lemma 2.4 parts 2 and 3 proves the Proposition. ∎
Lemma 3.2. We have
q−2−4g ∑
D∈H2g+2
∑
f∈A+
≤2g
χD(f)≪ q−g. (3.2)
Proof. Using Lemma 2.2, we have
q−2−4g ∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
χD(f)≪ q−2g g∑
m=0
∑
l∈A+m
∏
P ∣l
∣P ∣
∣P ∣ + 1 .
Invoking Lemma 2.3, we get
∑
D∈H2g+2
∑
f∈A+
≤2g
f=◻
χD(f)≪ q−2g ∑
d∈A+
≤g
µ(d)
∣d∣ ∏
P ∣d
1
∣P ∣ + 1 ∑
deg(d)≤m≤g
qm
≪ q−g ∑
d∈A+
≤g
µ(d)
∣d∣ ∏P ∣d
1
∣P ∣ + 1 − q−2g ∑d∈A+
≤g
µ(d)∏
P ∣d
1
∣P ∣ + 1 .
Parts 1 and 2 from Lemma 2.4 prove the result. ∎
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Combining results from this section, we get that
∑
D∈H2g+2
L(2, χγD) = q2g+2
ζA(2)ζA(4)P (4) +O(q
g(1+ǫ)). (3.3)
Using Proposition 2.3 in [5], together with Proposition 1.1 b), completes the proof of Theorem 1.4.
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